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Let H be a real Hilbert space and let L(H, H) be the Banach algebra of 
bounded linear operators defined on H, with values in H, associated with the 
usual operator norm. 
Now consider the equation 
x” + P(t) x = 0, (1) 
where P: R, -+L(H, H) is continuous and self-adjoint for each t E R+ = [0, co). 
Then by a “solution” of (I) we mean any function X: R, +L(H, H) which 
satisfies (I) on the interval R, . Here X” denotes the second strong derivative of 
X. By a “prepared” solution of (I) we mean any solution X with X*(t) X’(t) = 
X*‘(t) X(t), t E R, . It is easy to see that if a solution X(t) of (I) is prepared for 
some t, E R+(X*(t,) X’(t,) = X*‘(t,) X(Q), then it is prepared. In fact, dif- 
ferentiating the function Y(t) = X*(t) X’(t) - X*‘(t) X(t) on R+ , we obtain 
easily that Y’(t) = 0, t E R, . Thus, Y(t) is constant and its value is zero for all 
t E R, . A prepared solution of (I) is “nonoscillatory” if there exists t, > 0 such 
that, for every t > t, , X(t) is an isomorphism, i.e., X(i) is one-to-one and onto. 
Otherwise X(t) is said to be oscillatory. Equation (I) is “oscillatory” if every 
prepared solution of (I) is oscillatory. 
A bounded linear functional f: L(H, H) -+ R is said to be “positive” if 
f(T) > 0 for every positive operator T EL(H, H), i.e., any T with (TX, x) > 0 
for all x E H, and f(A*B) =f(B*A) f or every A, BEL(H, H). Here ( , > 
denotes the inner product of H. Every positive linear functional f satisfies 
llfll =f(l>, and iff ’ is not the zero functional, it satisfies 
fV2) 3 WF1f2(4 
for every self-adjoint operator A EL(H, H). H ere I is the identity in L(H, H) (cf. 
Rickart [2]). 
Our main purpose here is to show that some of the results of Etgen and 
Pawlowski [I] which concern the establishment of oscillation criteria for (I), 
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in terms of positive linear functionals evaluated at p(t), can be strengthened by 
considering scalar equations of the form 
x” + f(P(t)) x = 0, (11) 
where f is some positive linear functional. However we assume here that P(t) 
is a positive operator. The work of Etgen and Pawlowski [I] unifies and extends 
an abundance of oscillation criteria concerning matrix differential systems, and 
referring to matrix quatities (eigenvalues, diagonal elements, etc.) which actually 
define positive linear functionals as above. 
2. MAIN RESULTS 
The following result is an improvement of Theorem 1 of Etgen and Pawlowski 
[l] in the case of a positive P(t). 
THEOREM 1. Assume that P(t) is a positive operator. Assume further that the 
scalar eqation (II) is oscillatory, wheref is apositive linearfunctional with f  (I) :-z 1. 
Then Equation (1) is oscillatory. 
Proof. Assume that the conclusion is false, and let X(t), t E R be a nonoscilla- 
tory solution of (I). Then there exists t, > 0 such that X(t) is one-to-one and 
onto for every t > tl . Consequently, by a well known theorem of functional 
analysis the inverse X-l(t) belongs to L(H, H). Now consider the map S(t) = 
-X’(t) X-l(t), t > t, . Since X is prepared, it follows easily that S(t) is self- 
adjoint for t > t, . By differentiation we obtain 
Thus, 
s’(t) = P(t) + F(t), t > t, . (1) 
s(t) = s(t,> + j-1 P(s) ds + j-1 S2(s) ds. 
Applying the functional f  on both sides of (2) we obtain 




Now since tl above can be replaced by any t 3 t, , and since f  (P(t)) > 0, 
f  (S2(t)) > 0 (S2 is a positive operator), it follows that the function u(t) = f  (S(t)) 
is increasing in [tl , oz). Let us first remark that f(I) # 0, otherwise 
f  (P(t)) = 0, a contradiction to the assumed oscillation of (II). Thus, f  (F(t)) > 
[f  (I)]-lf “(S’(t)) > u”(t), and from (3) we obtain 
44 >, u(h) + j-;f (P(s)) ds + j-1 u2(s) ds. (4) 
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Now since ~(P(s)) is nonnegative and not identically equal to zero on any 
infinite subinterval of R, , we must have u(t) > 0 or u(t) < 0 for all large t. 
Assume that tr in (4) is sufficiently large to ensure u(t) > 0 for t 3 tI , and 
consider the sequence {xJt)>, n = 0, l,..., t > tr defined as follows: 
and, by induction, 0 < xn(t) < u(t) for every n = 0, 1,2 ,..., and every t > tI . 
Moreover, 
and, by induction, xnJt) < x%(t) for every n = 0, 1,2,... Now we can apply 
Lebesgue’s monotone convergence theorem to show the existence of a positive 
solution x(t), t > t, , to the equation 
x(t) = u(h) + j-)(W)) ds + j-1 x2(s) ds. 
This solution satisfies x’(t) =f(l’(t)) + x2(t), t > tl , which, using the 
transformation 
yields 
u(t)=exp[-iIx(s)ds], tat,, (8) 
@“Q) + f(fys)) u(t) = 0, t 2 4, (9) 
a contradiction, because u(t) is nonoscillatory. 
Now suppose that t, is chosen in (4) so that u(t) < 0 for t > t, . Then both 
improper integrals 
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exist and are finite. This follows immediately from (4). Thus, 
u(td ,< - J;:f(P(s)) ds - j-y u2(s) ds. (10) 
In (10) we may (and do) replace t, by any t > t, , in which case we obtain 
44 < - ~“f(P(s)) ds - 1” u2(s) ds. (11) 
If we let u(t) = --v(t) in (ll), th en v(t) is a positive solution of 
v(t) 3 ~mf(p(s)) ds + .le 7~~(s) ds. (12) 
Now we can continue as above by defining the sequence {yR(t)}, n = 0, I,..., 
t 3 t, , as follows: 
Yo(O = w 
~n+l(t) = irn [f@‘(s)) + m”(s)1 6 n = 0, l,.... 
This sequence is well defined because 0 < yi(t) < u(t), and can be shown bv 
induction that 0 <yn(t) < z(t). Moreover, yn+i(t) <m(t), n = 0, 1, 2,.... 
Consequently, there exists a positive solution y(t) to the equation 
~(4 =~mfV’(s)) ds +irn ~~(4 ds. (13) 
Differentiating above and letting u(t) = exp[$ y(s) ds], t > t, , we obtain a 
positive solution to the Equation (II), a contradiction again. This completes the 
proof. 
COROLLARY. Let P(t) be a positive operator and let a: R, -+ R+\(O) be con- 
tinuously da@m&zble and such that 
I om b(t) [f(WfU’(t)) - [a’(t)12i4a(t)l dt = + ~10, 
where f is a positiwe linear functional with j/f Jj # 0. Then (I) is oscillatory. 
Proof. It suffices to notice that the scalar equation 
is oscillatory. This follows from Opial’s theorem in [3]. 
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Etgen and Pawlowski showed in [l, Theorem l] that the conclusion of our 
theorem above is true if p(t) is any self-adjoint operator in L(H, H) satisfying 
lii-nl(p(f)dt) = +m (14) 
instead of the assumption that (II) is oscillatory. Thus, since (14) implies the 
oscillation of (II) (cf. Wintner [4]), our result in Theorem 1 is an improvement 
of Theorem 1 in [I] for P(t) positive. 
The above corollary and Theorem 2 of Etgen and Pawlowski contain the 
cases a(t) = t (here we should let 1 be the lower limit of the integral in the 
corollary), a(t) = 1. The case a(t) = t was first studied by Opial [3], who 
considered scalar equations of the form 
under the condition 
24” + p(t) 24 = 0, (15) 
s m W) - 1/4t) dt = + 00. 0 
Opial showed also that the constant & above cannot be replaced by any smaller 
constant. The case u(t) 5 1 was studied for the equation (15) by Wintner [4]. 
The authors wish to express their thanks to the referee for some helpful 
suggestions. 
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